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We compute the spin susceptibility of the two-dimensional Hubbard model away from half-filling,
and analyze the impact of frequency dependent vertex corrections as obtained from the dynami-
cal mean field theory (DMFT). We find that the local dynamics captured by the DMFT vertex
strongly affects non-local spin correlations, and thus the momentum dependence of the spin sus-
ceptibility. While the widely used random phase approximation yields commensurate Néel-type
antiferromagnetism as the dominant instability over a wide doping range, the vertex corrections
favor incommensurate ordering wave vectors away from (pi, pi). Our results indicate that the con-
nection between the magnetic ordering wave vector and the Fermi surface geometry, familiar for
weakly interacting systems, can hold in a strongly correlated metal, too.
PACS numbers:
Introduction.— The dynamical mean field theory
(DMFT) is one of the most successful tools to investigate
strong correlations in interacting fermion systems, by
means of a non-perturbative treatment of local dynamical
correlations [1–3]. The DMFT has been extended to in-
clude short-ranged non-local correlations via the dynami-
cal cluster approximation [4, 5], and long-ranged correla-
tions by diagrammatic approaches [6–8]. In combination
with density functional theory, the DMFT provides an
ab-initio method for the calculation of electronic prop-
erties of real materials with strongly correlated electrons
[9, 10].
The DMFT self-consistency loop involves the calcula-
tion of one-particle quantities only. Instead, many physi-
cal observables such as magnetic properties and collective
excitation spectra require the explicit calculation of two-
particle quantities. The DMFT two-particle vertex [11]
is also a crucial ingredient for diagrammatic extensions
of DMFT [6].
Since the calculation of the DMFT vertex is computa-
tionally demanding, susceptibilities are often computed
by a random phase approximation (RPA) with DMFT
propagators. This approach has frequently been applied
to real materials, for example, to iron systems [12]. The
importance of vertex corrections for the frequency depen-
dence of the local spin susceptibility has already been
explicitly emphasized, e.g., in the context of realistic
DMFT calculations for iron pnictides [13, 14]. The ef-
fect of the vertex corrections on charge correlations has
been studied with a more fundamental perspective by
Hafermann et al. [15], who focused on collective charge
modes and gauge invariance. In this work we reveal the
effect of the local DMFT vertex on non-local spin corre-
lations, leading to qualitative changes of the momentum
dependence of the spin susceptibility.
Using the two-dimensional Hubbard model as a test
system, we show that the vertex corrections do not only
affect the temperature scale at which strong magnetic
fluctuations set in, but also the wave vector of the dom-
inant magnetic instability. Although local in space, the
DMFT vertex strongly affects the non-local spin correla-
tions. Via its frequency dependence it drastically alters
the momentum dependence of the susceptibility as com-
pared to the momentum dependence of the RPA suscep-
tibility, where the particle-hole bubble is dressed by the
self-energy only. In large parts of the phase diagram the
RPA susceptibility is maximal at a wave vector (pi, pi),
pointing toward Néel-type commensurate antiferromag-
netic order, while the susceptibility computed with vertex
corrections exhibits pronounced maxima at incommensu-
rate wave vectors on the Brillouin zone boundary away
from (pi, pi).
Model.— The Hubbard model [16] describes spin- 12 lat-
tice fermions with a purely local interaction. In standard
second quantized notation, the Hamiltonian reads
H =
∑
j,j′,σ
tjj′c
†
j,σcj′,σ + U
∑
j
nj,↑nj,↓, (1)
where j and j′ are lattice indices, and σ (↑ or ↓) is the
spin orientation. In applications to electrons in solids
the interaction is repulsive, that is, U > 0. We choose a
two-dimensional square lattice and restrict the hopping
amplitudes to tjj′ = −t for nearest neighbors and tjj′ =
−t′ for next-to-nearest neighbors. Fourier transforming
this hopping matrix yields the bare dispersion relation
εk = −2t (cos kx + cos ky)− 4t′ cos kx cos ky. (2)
The Hubbard model on the square lattice has been pro-
posed as a minimal model for the valence electrons in
cuprate high-Tc superconductors [17].
Method.— To access the strongly interacting regime we
use the DMFT, which captures non-perturbative effects
such as the Mott metal-insulator transition [3]. In DMFT
the lattice model is mapped onto the Anderson impurity
model (AIM), whose propagator is related to the lattice
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2propagator by the self-consistency condition,∫
d2k
(2pi)2
1
iν + µ− k − Σdmftν
=
1
G−1ν − Σdmftν
, (3)
where ν is a fermionic Matsubara frequency, and µ is the
chemical potential. The lattice propagator on the left
hand side is computed under the assumption that the
self-energy is local and equals the impurity self-energy.
G is the bare propagator of the AIM, and Σdmft is the
self-energy obtained by solving the AIM associated with
G and U .
DMFT is exact in the limit of infinite lattice dimen-
sions [1]. In finite dimensions it can be viewed as a lo-
cal approximation for the self-energy. The momentum-
dependent propagator is given by the Dyson equation,
Gν,k = [iν − k + µ− Σdmftν ]−1. (4)
A basic building block for the calculation of the spin sus-
ceptibility is the particle-hole pair propagator
χ0,ν,kω,q = −Gν,kGν+ω,k+q. (5)
From this quantity and the two-particle irreducible ver-
tex in the magnetic channel, Γν,ν
′,k,k′
ω,q , one can com-
pute the spin susceptibility as χω,q =
∫
ν,k
χν,kω,q, where∫
ν,k
= T
∑
ν
∫
d2k
(2pi)2 , and χ
ν,k
ω,q is determined by the lin-
ear integral equation
χν,kω,q = χ
0,ν,k
ω,q − χ0,ν,kω,q
∫
ν′,k′
Γν,ν
′,k,k′
ω,q χ
ν′,k′
ω,q . (6)
For the vertex we follow the notation of Rohringer et
al. [11], and Γ corresponds to the antisymmetric spin
combination Γ↑↑↑↑ − Γ↑↓↑↓.
Replacing the irreducible vertex with its lowest order
in perturbation theory, Γν,ν
′,k,k′
ω,q = −U , we obtain the
RPA formula for the susceptibility,
χRPAω,q =
χ0ω,q
1− Uχ0ω,q
, (7)
where χ0ω,q =
∫
ν,k
χ0,ν,kω,q is the polarization function, also
known as particle-hole bubble. The symmetric phase
is stable only if the denominator in Eq. (7) is posi-
tive. A vanishing denominator for ω = 0 at a certain
wave vector q signals a magnetic instability. The struc-
ture of Eq. (7) implies that the maximum of the RPA-
susceptibility χRPA in momentum space coincides with
the maximum of the particle-hole bubble χ0.
A much better approximation for Eq. (6) is achieved
by substituting the two-particle irreducible vertex with
the local counterpart Γdmft calculated for the effective
AIM from the DMFT self-consistency loop, leading to
χνω,q = χ
0,ν
ω,q − χ0,νω,qT
∑
ν′
Γdmft,ν,ν
′
ω χ
ν′
ω,q, (8)
Figure 1: Static particle-hole bubble (left) and static suscepti-
bility (right) as a function of momentum in the first quadrant
of the BZ. From top to bottom results for various densities
are shown: n = 0.82, n = 0.76 and n = 0.72. The other
parameters are U = 8t, t′ = −0.2t, and T = 0.08t.
where χ0,νω,q =
∫
d2k
(2pi)2χ
0,ν,k
ω,q . This equation can be for-
mally solved by a matrix inversion in Matsubara fre-
quency space,
χω,q = T
∑
ν,ν′
(D−1ω,q)
ν,ν′χ0,ν
′
ω,q , (9)
where Dν,ν
′
ω,q = δν,ν′ + Tχ
0,ν
ω,qΓ
dmft,ν,ν′
ω .
The susceptibility in Eq. (9) includes all the local cor-
relations captured by the DMFT, while non-local corre-
lations are treated by the ladder approximation. Note
that χ0 appearing in Eq. (9) already includes local cor-
relations at the one-particle level due to the DMFT
self-energy. Since the vertex in Eq. (9) is local, the
momentum-dependence of the susceptibility is generated
by the particle-hole propagator. However, we will now
see that, due to the convolution with the frequency de-
pendent DMFT vertex, the momentum-dependence of
the susceptibility does not simply trace the momentum-
dependence of the bubble as in the RPA.
Results.— In Fig. 1 we show results for the static
particle-hole bubble (left column) and the static DMFT
susceptibility (right column) as a function of momentum
in the first quadrant of the Brillouin zone (BZ) for various
fermion densities n < 1. All quantities are computed for
3Figure 2: Bare bubble (dotted line), DMFT bubble (dot-dashed line) and DMFT susceptibility (continuous line) plotted along
a specific path in the BZ for U = 8t, t′ = −0.2t, and T = 0.08t. From left to right: n = 0.82, n = 0.76 and n = 0.72.
The numbers on the left y-axes refer to both bare and DMFT bubble, while the numbers on the right y-axes refer to the
susceptibility.
t = 1. The interaction is rather strong (U = 8t), and the
temperature T = 0.08t has been chosen within the para-
magnetic regime, that is, above the critical temperature
[18] for a magnetic instability (within DMFT). One can
clearly see that the positions of the maxima of the bubble
and the susceptibility are generally distinct; in particular,
for n = 0.82, the maximum of the bubble is located at
q = (pi, pi), while the DMFT susceptibility shows max-
ima for incommensurate vectors q = (pi, pi − 2piη) and
q = (pi − 2piη, pi), with η ≈ 0.12.
Hence, for n = 0.82, the widely used RPA formula (7)
yields dominant commensurate antiferromagnetic corre-
lations, since the momentum dependence of the RPA
susceptibility is entirely determined by the particle-hole
bubble. In this approximation the local correlations are
taken into account only at the one-particle level, through
the inclusion of the self-energy. The behavior changes
drastically when the local fluctuations are considered also
at the two-particle level by including the DMFT vertex.
The results for the susceptibility in the right panel of
Fig. 1 exhibit dominant incommensurate spin correla-
tions for all shown densities. For n = 0.76, both the
particle-hole bubble and the susceptibility have incom-
mensurate maxima, but at different positions. Reducing
the filling further to n = 0.72, the momentum (pi, pi) be-
comes a marked local minimum for the bubble and even
a global minimum for the DMFT susceptibility.
The peak structure of the bubble and the susceptibility
can be seen more clearly in a plot along the Γ-M-X-Γ path
in the BZ, as shown in Fig. 2. Here, it is evident that
(pi, pi) becomes a global minimum for the susceptibility at
filling n = 0.72. In this plot we also show the bare bubble
χ0,bare, which is computed without self-energy feedback
and with the bare chemical potential.
Despite the fact that the bare bubble does not enter
in Eq. (6), since χ0 is evaluated with self-energy feed-
back, the momentum dependence of the DMFT suscep-
Figure 3: Incommensurability η as a function of the doping
δ = 1−n, for U = 8t, t′ = −0.2t, and T = 0.08t. The different
curves refer to the DMFT susceptibility, the DMFT bubble
with self-energy, and the bare bubble, respectively. The grey
area indicates the doping values where Eq. (8) has no solution,
due to a magnetic instability in that regime.
tibility resembles much more the one of the bare bubble
rather than the bubble with dressed propagator. This
is remarkable since the self-energy strongly affects the
particle-hole bubble: first, as expected, the self-energy
globally suppresses the bubble; second, and more impor-
tantly, it smears the peak in momentum space and thus
reduces or even eliminates the shift η. By contrast, the
two-particle vertex has the opposite effect: it sharpens
the peak and increases η.
To study further the relation between the particle-hole
bubble and the DMFT susceptibility, in Fig. 3 we show
the corresponding incommensurabilities η as function of
the doping δ = 1 − n. The maximum of the dressed
particle-hole bubble stays at (pi, pi) for doping smaller
than 0.2, and moves away from (pi, pi) only for δ > 0.2.
On the other hand, the incommensurability vector of the
4Figure 4: From left to right, bare bubble at T = 0.013t, bare bubble at T = 0.08t, and susceptibility at T = 0.08t as a function
of momentum for U = 8t and n = 0.82. Top: t′ = −0.2t, bottom: t′ = −0.08t. The dashed lines represent the nesting vectors
of the Fermi surface as explained in Ref. 19.
DMFT susceptibility is finite already for doping x = 0.14,
and is always larger than the one of the particle-hole bub-
ble. By contrast, in the paramagnetic regime where the
DMFT susceptibility is well defined, the incommensura-
bility vector of χ is quite close to the one obtained from
the bare bubble. When the doping is increased, the differ-
ence between the incommensurability of the dressed bub-
ble and of the susceptibility is gradually reduced. Similar
results are obtained for t′ = −0.08t.
The position of the peaks of the bare particle-hole bub-
ble at low temperatures is determined by crossing points
of nesting-lines (or ”2kF -lines”) in the BZ (see, for exam-
ple, Ref. [19]). The latter are lines formed by the set of all
nesting vectors of the Fermi surface, which connect Fermi
momenta with collinear Fermi velocities. The smearing
effect of the self-energy on the bubble spoils the connec-
tion with the Fermi surface geometry. Since the vertex
correction strongly affects the momentum dependence of
the susceptibility, the question arises whether the vertex
restores a connection between the susceptibility and the
Fermi surface.
To further investigate this point, in Fig. 4 we plot the
susceptibility at T = 0.08t, already shown in previous
plots, together with the bare bubble at the same tem-
perature, and also at a lower temperature T = 0.013t,
where the signature of the Fermi surface is more pro-
nounced. Structures along the nesting-lines parallel to
the BZ diagonals are visible only in the bubble, not in
the susceptibility. However, the positions of the incom-
mensurate peaks near the crossing points of nesting lines
on the BZ boundary are quite similar in both quanti-
ties. This similarity suggests a connection between the
peaks in the DMFT susceptibility and the Fermi surface
geometry.
Conclusion.— In summary, we have shown that the
momentum dependence of the spin susceptibility in a
strongly interacting Fermi system is drastically affected
by the local two-particle dynamics. While the suscepti-
bility computed within the DMFT without vertex cor-
rection yields commensurate Néel order as the dominant
magnetic instability over a wide density range below half-
filling, the local but strongly frequency dependent DMFT
vertex shifts the ordering wave vector away from (pi, pi)
toward generally incommensurate wave vectors of the
form (pi, pi− 2piη). Similar conclusions apply also for the
three-dimensional Hubbard model [20]. The position of
the peaks of the DMFT susceptibility with vertex correc-
tion in the BZ is strikingly close to the peaks obtained
from the bare particle-hole bubble, which is entirely de-
termined by the Fermi surface geometry. This is remark-
able since the self-energy in a strongly interacting system
leads to a strong life-time broadening, which blurres the
Fermi surface structures. Obviously, the vertex correc-
tion partially cancels this self-energy effect and restores
the connection to the Fermi surface geometry.
Strong incommensurate magnetic correlations are ob-
5served in cuprate superconductors and other layered
transition metal compounds. They also emerged in the-
oretical studies of the two-dimensional tJ-model, that is,
the strong coupling limit of the Hubbard model [21, 22].
Clearly, the DMFT fails to capture many important as-
pects of such low-dimensional systems. However, the
DMFT results show that the local two-particle dynamics
is of crucial importance for the non-local spin correlations
in a strongly interacting Fermi system.
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